T 1 
Types of Triangles 


Teacher Notes 
ama Votes 


T1 
Types of Triangles 
Task: To develop definitions for right, acute, obtuse, sosceles, and 

equilateral triangles. 


This exercise is designed to give students an 
ae ee Construct a random right tiangle. opportunity to use their own ideas and words in 
; Record your drawing ofthe biangie and ts measurements inthe defining the five different types of triangles. Don't 
. epee! this procees with other right triangles expect students to develop precise definitions. They 
wei | should start to see patterns emerge as they measure 


"Repeat ie procecure forsee cite, aonewienardemuieerl 1 HS das and the angles of many different examples 
=== Drawings & Data of the same type of tnangle. After students have 
worked in pairs, the findings should be presented and 
reviewed by the class as a whole. This review 
provides an opportunity to talk about what it means to 
write a "good" definition, and to arrive at some 
consensus on definitions for the different types of 
emmmmees COP FC CECT CS cme SSS triangles. 

A right triangle is a triangle which... 

An acute triangle isatiangiewhich. | s«This process of arriving at consensus can be an 
Ancbtusetiangeesatrangewhich.. _=SsssSS:«L:«éIteresting one. Take, for example, the definition of 
An soscoles angle walang whch. :«*@(S:CNSOSCeles triangle. Some students will claim that an 
An squieral Yung waviane WGK | _IS0Sceles triangle has two sides of equal length; some 
| «WII Claim two angles Of EQual MeASure; and still 
others will claim two sides of equal length and two 
sides of equal measure. Defending these positions 
and unravelling and coalescing various points of view 
with a class produces a lively and instructive 
discussion. 


am Comments 


T 2 
Angle Measurements 
Teacher Notes 


T2 
Angle Measurements 


Task: To explore the relationship among the intenor angles in diferent 
types of triangles. 


Procedure: 
* Construct a tnangie. 
¢ Measure each angie. 
¢ Draw the triangles and record the angle measurements on the 
chart below. 
* Repeat this procedure on five other triangles. 
* On the following page, state conmectures about your findings. 


[Triangle Drawings | zABC|ZBCA] ZCAG 


T 2 (page 2) 
Angle Measuremonts 


ammun © On jectures 
State a conjecture about the sum of the three angies. 


State other conjectures about the three angles or the relationship between 
the sum of two angies and the third angle 


Comments 


Conjectures 


¢ The sum of the measures of the angles in any 
triangle is 180°. 


¢ In aright triangle, the sum of the measures of the 
two non-right angles is 90°. 


¢ In an obtuse isosceles tnangle, the sum of the 
measures of the two acute angles is less than 90°. 


¢ In atnangle, the measures of the three angles may 
be equal (60°), different (40°, 60°, 80°), or two 
angles may be equal and the third different (40°, 
40°, 100°). 


Notes 


Data are the "stuff" from which conjectures are made 
and in the case of the SUPPOSER that means 
drawings and measurements. Early on in working 
with the SUPPOSER, emphasize to students that 
measurements and fairly accurate freehand drawings 
are essential tools for supporting and defending their 
geometnc ideas. Also, it is a good idea in the early 
going to provide students with a structure for 
collecting their data, /.e., a table with labeled columns, 
and perhaps to consider filling in a table partially 
when you think that the problem is a difficult one. 


T3 
Interior and Exterior Angies 
Task: To explore the relationship arnong the three interior angies and one 
extenor angie in different types of triangies. 
Procedure: 
* Construct an acute AABC, 
* Oraw an extension of side BA such that BA = AD. 
* Measure the angles and record the measurements in the chart 
below, 


° Repeat the steps for other types of triangles. Use the Repeat 
option. 
¢ For each triangle, measure the interior angles of AABC and the 


exterior CCAD. ; 
* State your conjectures about the relationship between the exterior 
and intenor angies. 
Diegram: 
On an acute viange, BA is extended fom A such hat BA @ AD. 
<CAO created by the extension is called an exterior angie. 


T4 
Exterior Angles 


Task: To investigate the relationship among the three extsnor angles of 
triangles. fo) 


Procedure: 
* Construct an acute triangle. 
* Draw the three extenor angles. 
* Measure the exterior angies. 
* Record drawings and measurements. 
¢ Repeat the steps for other types of triangles. 
* State your conjectures. 


am Drawings & Data 


F 


aun Conjectures 

What 's the sum of the measures of the three extenor angies for an acute 
triangle? 

Is this sum the sare for all types of tnangles? 


Comments 


T3andT 4 

Interior and Exterior Angles 
Exterior Angles 

Teacher Notes 

Conjectures 


T3 
¢ ZCAD = ZACB + zCBA 


¢ For acute triangles only, the measure of each 
exterior angle is greater than any interior angle. 


Note: Actually, for any AABC, there are two exterior 
angles for each angle in the tnangle. For example, 
ZCAD and ZBAE are both exterior angles for 2A in 
AABC. BA is extended to create zCAD; CAis 
extended to create <BAE. 


However, since ZCAD and ZBAE are vertical angles, 
ZCAD = ZBAE. In this problem, and most others in 
geometry, we are interested only in the relationships 
involving Qne exterior angle at each vertex. 


C 


T4 


¢ The sum of the measures of the three exterior 
angles is 360°. 


¢ Yes, it is the same for all types of triangles. 


T5 
Triangles Whose Sides Are Three Consecutive Integers 


Task: To discover whether sides whose lengths are three consecutive 
integers form triangles. When they do, to investigate the types of 
triangles they form 


. Construct a triangle using the side-side-side aption 

* Use side lengths that are consecutive integers (2. g., 4-5-6). 

* Record your drawing of the triangle and the lengths of the sides. 

« Repeat the steps for several cther sets of consecutive integers. 
° State your conjectures. 


a= Drawings & Data 


amum Conjectures 
Do three consecutive integers always create a triangle? Why? 


Do consecutive integers that do create triangies, create the same type of 
triangle? Why? 


Comments 


T 
Triangles Whose Sides are Three 
Consecutive Integers 

Teacher Notes 


am Conjectures 


* No. The lengths 1-2-3 will not form a triangle. 
¢« No. Lengths 2—-3—4 form an obtuse triangle. 
Lengths 3—4—5 form a night triangle. 


Lengths n, n+1, and n+2 forn2>4 form 
an acute tnangle. 


Notes 


After students understand the concept of similarity, 
ask them how to use the SUPPOSER to draw 
triangles whose sides are lengths 19—20—21 or 
56-57-58. (Tnangles whose sides have lengths 
1.9-2.0—2.1 or 5.6—5.7-5.8 are similar to triangles 
with lengths 19—20—21 or 56-57-58. ) 


Here is another question to try: If triangles have sides 
1000-—1001—1002; 10,001—10,002—10,003; or 
100,001—100,002—100,003; what type of triangle is it 


"approaching?" (Answer: An equilateral triangle) 


T6 
Scalene Triangles 
Teacher Notes 


T6 
Scaiene Triangles 
Task: § To make conjectures about the relative sizes of angies in scalene 
triangles given the lengths of the sides. (A scalene mangle has no 
equal sides.) 


Conjectures 


In response to this problem, students are likely to 
races sito BE b te rictta. end ot develop different versions of the same rule. Here are 
ACs he gest sraieet? three possibilities: 
Which angie will be the ? 
° Construct a triangle using the side-side-side option. 
; Congtruc a riangie with no equal see ¢ Order the lengths from shortest to longest. The 
; Were your predictions accurate? smallest angle will be opposite the shortest side, 
eee Drenusriragey Se Dea eee the medium size angle will be opposite the side of 
medium length, and the largest angle will be 


opposite the longest side. 


¢ The relationship of the sizes of the angles will be 
the same as the relationship of the lengths of their 
opposite sides. 


¢ The smallest angle will be opposite the shortest 


side; the largest angle will be opposite the longest 
side. 


Comments 


T 7 andT8s& 
Angles in Triangles 
Angles Formed by Subdividing 


i 17 Triangles 
Angles in Triangles 
Task: To explore the measure of a vertex angie, created from a random Teacher Notes 
point inside a tnangle. 
Procedure: aa Conjectures 
; Construct a AABC. D inside AABC and A 
dan 0 aC NN T 7 
* Measure 2BDC and <BAC. 
* Record the drawing and angie measurements. 
* Repeat this procedure (do NOT use the 
Repeat option) on four other triangles. e ZBDC > ZBAC 


| Triangle Drawings | BOC) ZBAC 


¢ The closer point D is to point A, the closer the 
measure of the angles. 


T8 


¢ The closer the angles are to zBAC, the closer they 
are to the measure of ZBAC. 


T8 
Angies Formed by Subdividing Triangles 
Task: To explore angies formed by subdividing a triangle. 


Procedure: 
* Construct a AABC. Measure 2BAC. 
- Place a random paint D on BE of 4ABC. 
* Draw AD. Subdwide AD inp tour parts, using he Label apton. A 
¢ Measure and draw <BEC, <BFC, and <BGC. C 
« Record the drawing and the measurements of the angles. 
* Repeat the procedure with other triangles. 
* State your conjectures. 


| Triangle Drawings | ZBAC| BEC | 2BFC| BGC, 


amma Conjectures 
State a conjecture about the relationshp between <BAC and the other 
angies. 


Comments 


T9 
Anglie-Side-Angle 


Task: To investigate the measurements that produce triangles using angie- 
side-angie. 


Procedure: 
* Use the measurements listed in the chart below. 


* Construct a triangle using the angle-side-angie aption. 
* Record the drawing of each tnangie on the chart. 
* State your conjectures on the following page. 


T 9 (page 2 
Angle-Side-Angle 
am Conjectures 


In order to make a tnangle, are there any constraints or limits that should be 
placed on the measures of <BAC, <CBA, or AB? 


T9 
Angle-Side-Angle 


Teacher Notes 


—— Conjectures 


¢ There is a limit to the sum of the measurement of 
ZBAC and ZCBA. Once the sum exceeds this 
limit, a triangle cannot be drawn. 


° If zBAC + zCBA < 180°, then a triangle is formed. 


¢ If zBAC + zCBA = 180°, then two sides will be 
parallel and a triangle cannot be formed. 


¢ If ZBAC + ZCBA > 180°, then a triangle cannot be 
drawn. 


Comm pe ES rrr 


T 10 
Side-Angle-Side 


Teacher Notes 


sdeangesce| = Conjectures 


Task: To investigate the measurements that produce triangles using side- 


angie-side. . ¢ No constraints or limits. 


Procedure: . 

« Use the msasurements listed in the chart below. 

* Construct a triangle using the side-angie-side option. 
¢ Record the drawing of each tnangle on the chart. 

* State your conjectures on the following page. 


T 10 (page 3 
Side-Angie-Side 


a= Conjectures 
In order to make a tnangle, are there any constraints or limits that should be 
placed on the measures of AB. 2BAC, or AC? 


eC omments 


T 11 
Sides of Right Triangles 
Task: To observe patterns among the lengths of the sides in a right 
tnangle. 


Procedure: 

. struct a nght AABC. 

« Measure the lengths of the sides. 

¢ Record your drawings and measurements in the table below. 
¢ Repeat on four other night triangles. 

¢ State your conjectures, 


as Conjectures 
State conjectures about the relationships between the length of the side 
opposite the nght angie and the lengths of the other two sides. 


Comments 


T 11 
Sides of Right Triangles 


Teacher Notes 


Conjectures 


¢ In aright triangle, the length of the hypotenuse is 
greater than the length of either of the other two 
sides. 


¢ Pythagorean Theorem 


C AC2+ AB2 = BC2 
B A 
was MH xtension 
A 
D 
C 
B 


This result can be used to develop a proof of 
relationships in the lengths of the sides of other types 
of triangles (See Problem T 12). For example, draw 
an acute triangle and an altitude BD from vertex B. 
Then, AB>AD and BC > DC implies that AB + BC 
> AD +DC or AB+BC>AC. A similar method can 
be used to show that AB + AC > BC and AC +BC > 
AB. 


T™12 
Side-Side-Side 
Task: To investigate the measurements that produce triangles using side- 
side-side. 


Procedure: 

* Construct a AABC using the side-side-side option. 

¢ If atnangle ss formed, state what type ¢ is. 

* Record the lengths and the squares of the lengths in the table 
below. 


. Repeat for three other triangies. 


a Conjectures 


aaa 
State conjectures about which combinations make tnangies, which do not, 


and what type of tnangie formed. 


Comments 


T 12 

Side-Side-Side 

Teacher Notes 

Conjectures 


¢ The sum of the lengths of any two sides is greater 
than the third side. 


¢ If the sum of two lengths is less than the third 
length, then a triangle cannot be formed. 


¢ The ratio of the sum of the lengths of any two sides 
to the length of the third side is greater than 1. 


¢ If the difference between two lengths is greater 
than a third length, then a tnangle cannot be 
formed. 


¢ If the sum of the squares of the lengths of any two 
sides is greater than the square of the length of the 
third side, then the triangle is acute. 


¢ If the sum of the squares of the lengths of any two 
sides is less than the square of the length of the 
third side, then the triangle is obtuse. 


¢ Pythagorean Theorem 


—«— Veco =—=—=—————____—_—__—_—_—_—_—_— 


Let students develop their own procedures to test 
whether three lengths form a triangle. Some students 
may test a series of three lengths at random. Others 
may develop a system such as holding two lengths 
constant and varying the third length. 


T13 
Supporting Conjectures 


Task: To collect data to support conjectures. 
To evaluate conditions under which a staternent !s true. 


Procedure: 
* The conjectures below are sways true(A), sometimes trus(S), 
or never true(N). 
« Read each conjecture and piace the appropriate letter (A, S, or N) 
next to each statement. 
« Justify your answer using one of the following procedures: 
Hf you think a conjecture is always true (A), provide three 
examples. 
it you think a conjecture is sometimes true (S), provide two 
examples (One (rue and one false). 
Ht you think that a conjecture is never true (N), provide a counter- 
exaTple. 
* Be sure that your exasnpies contain the appropriate measurements. 


emus Conjectures 
1. A scalene triangle is not a right triangle. 


2.  Anisosceles triangle is not a right triangle. 


3.  Anexterior angie of a triangle has a measure greater than the 
measure of any interior angie. 


amas (Omments 


T 13 

Supporting Conjectures 

Teacher Notes 

Conjectures 


2 1. 


Data 

AB = 2.76 C 
BC =5.71 

AC =5 

<CAB=90 


2 2. 


Data 
<ABC = 66.71 
<BCA = 66.71 
AB = 5.43 
AC =5.43 
AC =5 


Data Data 
<ABC =60 <ABC =32.87 
<BCA =60 |p A <BCA = 21.28 
<CAB =60 B <CAB = 125.84 
<CAD = 1 \/ <BAD = 54.16 


C 


a= Comments 


T 13 (page 2 
Supporting Conjectures 


An exterior angie of a triangle has a measure greater than the 
measure of any remote interior angie. 


The longest side of a right triangle is the side opposite the right 
angie. 


In any triangle, a madian drawn from a vertex to a side bisects 
that side. 


In any trlangle, a median drawn from a vertex to a side bisects 
the angle at the vertex. 


T 13 (page 2) 
Supporting Conjectures 
Teacher Notes 


Conjectures 


A 4. Data 


<ABC =31 C 
<BCA = 19 

<CAB = 130 

<CAD =50 


Data 
<ABC =70 . ODO Data 5 


<BCA = 70 
<CAB = 40 <CAB = 80 Cc 
<ACD =110 <ACD =110 
B A 


A 5. Any three right triangles. 


A 6. Any three triangles with measurements. 


(Special thanks to Ruth Byron of Bedford High School in Bedford, MA for 
this problem.) 


T 14 
Area of a Triangle 
: To understand this formula for cornputing the area of a tnangie: bh 
Area aa x (measure of the base) x (measure of the altitude) or Aco 
(Oefnition: Any ade of a riange can be called e bese. Given a bese, a ine 
segment drawn fam heremamrsng vertex, perpendicular to he base or the 
extencion of the bese, is caled an a#/Stude(ar height ot the rangle.) 
Procedure: 
* Construct an isosceles AABC. Draw an altitude from vertex A. 
* Measure the atkude and the base 
* Calculate the value of bh/2, using a calculator. 
* Record your data in the chart. 
* Repeat this procedure by drawing the altitude from B. Then do the 


same for vertex C. 

* Check your calculations using the Area option to measure the 
area. 

- Repeat this procedure for an acute triangle. Then repeat for an 
obtuse triangle. 

* State your conjectures on the following page. 


T 14 (page 2 
Area of a Triangle 


am Comments 


T 14 
Area of a Triangle 


Teacher Notes 
Notes 


The purpose of these activities is to convince students 
that the area of a triangle can be found using the 
same formula with three different pairs of bases and 
altitudes, and that the formula will work even if the 
altitudes lie outside the triangle (the case with an 
obtuse tnangle). 


T 15 
Altitudes of Obtuse Triangies 
Task: To explore the construction formed by altitudes of obtuse triangles. 


Procedure: 
* Construct obtuse AABC. 
* Oraw alfudes AD, BE, and CF. 
* Look for angles that might be congruent. 
* Measure the angies. 
* Record your drawings and data below. 
¢ State your conjectures. 


aus Drawings & Data 


oman C onjectures 


State a conjecture about congruent angies in this figure (other than the nght 
angies). 


Comments 


T 15 
Altitudes of Obtuse Triangles 


Teacher Notes 


Conjectures 
¢ ZBAE = ZCAF C 
¢ ZBEA = zCFA = 90°. 
F 
/ 
D 
\ 
E 
B 
¢ ZEBA = zFCA 
Proof 


ZEBA = ZFCA since the sum of the angles in any 
tnangle is 180°, the measures of vertical angles 
(ZFAC and ZBAE) are equal, and ZBEA = zCFA = 90°. 


Notes 


Check this conjecture with different types of triangles. 
For example, in an acute AABC: 


Data C 

<BEC = 90 E 

<BEA = 90 A 
<CFA = 90 

<EBA = 10.76 D . 
<FCA = 10.76 


. T 16 
Triangles from Altitudes 
Teacher Notes 


T ® 
Triangles from Altitudes Conj ectures 


Task: To investigate the triangle formed by joining the endpoints of the C 
three alttudes. 


Procedure: 
¢ Construct an acute AABC. 
° Draw an altitude from each vertex. 


* Erase the altitudes, leaving the labels D, E, and F. 

* Now draw ADEF. 

* Determine whether the ADEF extends beyond the onginal AABC. 

* Check whether 4DEF is a right triangle. F 
* Repeat on several other triangles. 


ams Drawings & Data 


B 


¢ The region defined by ADEF extends beyond 
AABC when AABC is obtuse. 


raha Gri ck rare dave the region defined by ADEF axtend beyond the > Yes, ADEF is a nght tnangle when <BAC = 135°. 
exterior f SABC? You could also try a special acute triangle with 
45°, 65°, and 70° angles. 


Can ADEF ever be a nght triangle? 


Suppose AARC isan isosceles triangle wih vertex <A. When the verter ¢ When the vertex angle of an isosceles AABC 
measure? : approaches 90°, the perimeter of ADEF 
approaches the length of the hypotenuse of the 


right isosceles AABC. 


Comments 


T17 
Angle Bisectors 
Taek: To understand an angle bisector as a set of pomts that share a 
certain property. 


Procedure: 
* Construct a nght AABC. 


* Craw aw angie beectrr AD. 

* Place a random point E on the bisector. 

. Measure tre detence tom E © AB and te detrce tom EAC. 
* Record your data and the draw 

« Repeat for each triangle listed. Do NOT use the Repeat option. 
* State your conjectures on the next page. 


T 17 (pege 2) 
Angle Bisectors 


ame (Omments 


T 17 
Angle Bisectors 
Teacher Notes 


Conjectures 
C 
G 
D A 
F 


B 


- The distance from E to AB equals the distance 
from E to AC. 


¢ AF =AG. 


¢ The perimeter of AAFE = the perimeter of AAGE. 


T 18 
Medians 
Task: To understand a median as a set of points that share a certain 
property. 


Procedure: 
° Draw a AABC. 
* Draw median AD. Label a random poirt E on median AD. 
* Oraw and 
- Measure the areas of the tnangles inside AABC. 
¢ Record your data. 
* State your conjectures. 


aw Drawings & Data 


aa Conjectures 
State ores about the relationships arnong the areas of the tnangies 
inside 


ae Comments 


T 18 
Medians 
Teacher Notes 


Conjectures 


¢ Area of ACED = Area of ABED. 
¢« Area of AACD = Area of AABD. 


¢« Area of ACEA = Area of ABEA. 


Proof 
Prove: Area of ACEA = Area of ABEA 
C 
D F 


B 


Draw BF. AD andCGi AD 

Thus, BF || GC. since ZFBD = ZGCD (alternate interior 
angles) and BDz CD, AFBD= AGCD by ASA and 
BF=CG by corresponding parts of congruent triangles. 


AE : BF 
2 


Now, the area of AAEB = and the area of 


AE -CG 


AAEC = 5 


The areas are equal because BF = CG. 


T 19 
Angle Bisectors at a Vertex 


Task: To explore the angie formed by the angle bisector of the exterior and 
intenor angles at a vertex. fe) 


Procedure: 
* Construct acute AABC. F 
° Extend A from A. 
« Oraw AE. the bisector of zBAC. 
« Draw AF, the bisector of cCAD. 
¢ Measure 2FAE. 
¢ State your conjectures. 


A 


au Drawings & Data 


au Conjectures 


T 20 
Angle Bisectors of Exterior Angies 
Task: To explore properties of the intersection point of the angle bisectors 
of two extenor angies. 


Procedure: 
* Construct acute AABC. 
* Extand AB fom A. 
* Draw AE, the bisector of ZBAC. 
° Draw tw Arne bse bisector of ZCAD. 


° rid BR the vrecetor C. 
° ize Giptersection g @ two bisectors 
A ard HB) of the exterior angies for AABC 


mi. 
. Oran 
Stats coryectures relaiad to segrnent . 
mesmmes Drawings & Data 


au Conjectures 


ame (Ornments 


a= Conjectures 


T 19 and T 20 

Angle Bisectors at a Vertex 

Angle Bisectors of Exterior Angles 
Teacher Notes 


Conjectures 


T 19 
* ZFAE = 90° 


Proof 


prove: ZFAE = 90° 

ZCAF = ZDAF 

ZBAE = ZCAE 

2(ZCAE) + 2(zCAF) = 180° 
ZCAE + ZCAF = 90° 

So ZFAE = 90° 


T 20 
- IC is the bisector of ZACB, ZACI = 2BCI 


¢ The point of intersection of the angle bisectors for 
AABC lies on IC. 


T 21 
Angle Bisectors and Side Lengths 
Task: To explore the way an angie bisector divides the opposite side. 
Procedure: 
¢ Use the measurements from the chart below. 
* Construct a AABC using the side-angle-side aption. 
* Draw AD, the bisector of <BAC. 


- Choserve the relaive lenghs of he segnerss BB, CO. AB, and AC. 
* Record the drawings. 


* State your conjectures. 


fe reiatorayips among BD, CD, AB, and AC, 


vuive tte bediond pare D 


Comments 


T 21 
Angle Bisectors and Side Lengths 


Teacher Notes 


a Conjectures 


¢ If AB<AC, then BD <CD 
¢ lf AB>AC, then BD >CD 
¢ IfAB=AC, then BD=CD 
¢ If AB<AC, then Dis "closer" to B 


¢ If AB>AC, then Dis "closer" to C 


Notes 


This activity asks the student to attend to visual data, 
to the movement of point D (/.e., the endpoint of the 
angle bisector) as the relationship between the 
lengths of the sides that enclose the bisected angle 
changes. Encourage students to check their 
conjectures through visual approximation rather than 
measurement. 


T 22 
Triangies Formed by an Angle Bisector 


Task: To explore the relationships between the two triangles formed when 
an angie bisector is drawn in a tnangle. 


Procedure: 

* Construct an isosceles AABC. 

° Craw AD bisecting <CAB. 

* Measure the lengths, areas, and penmeters. 

¢ Reoord your data. 

¢ Repeat this procedure on other types of triangles. 


Aiba 
r AB AC BD OC | AABO AABD 


Comments 


T 22 

Triangles Formed by an Angle 
Bisector 

Teacher Notes 


a= Conjectures 


¢ If AABC is isosceles and ZA is the vertex angle, 
then the area of AABD will equal the area of AACD 
and the perimeter of AABD will equal the perimeter 
of AACD. 


¢ If AABC is isosceles and ZA is the vertex angle, 
then BD =CD. 


¢ The same conjectures hold for equilateral 
tnangles. 


*AreaofAABD AB _ in any triangle 
AreaofAACD AC 


*AB BD in any triangle 


AC DC 


Procedure: 
¢ Construct a scalene AABC 


* Record your data. 


the figure. 


Comments 


* Draw the angle bsector of angle A 
° Measure the segments and tnangies formed. 


T 23 
Angle Bisectors in Scalene Triangles 


Task: To discover proportions among the elements and triangies ina 
scaiene triangle with one angie bisector. 


° State your conjectures about relationships among the elements of 


aw Drawings &£ Dee TTlUE—ErE—E—EEEEEEE—E 


A 


T 23 
Angle Bisectors in Scalene Triangles 


Teacher Notes 


a Conjectures 


BD _ DC 4, BA_AC ,, DC , BA_ 
BA AGC BD DC AC ~ BD 


_ BA _ 8D 
AC DC 


AreaofABAD BD BA 


AreaofACAD DC CA 
Proof 


Note: The traditional way to prove this result is to use similarity. A 
less traditional proof (which does not use similarity theorems) is to 
use two different methods to compute the area of the same 
tnangie: 

Given: AD an angle bisector 


AE a perpendicular to BC through A. 


| 


DF a perpendicular to CA through D. 


DG a perpendicular to AB through D. 
CD AC 
BD AB 
Proof: AreaofABAD = 


Prove: 
DB-AE or AB °DG 
2 2 


CD°AE AC -DF 
—_——$$ of —— 


Area ofA CAD = 5 5 
By dividing the two equations we get: 
CD-AE AC * DF 
ee 
DB+AE = AB DG 
2 2 
CD-AE _ AC +-DF 
DB-AE AB-DG 
cD _ AC 
DB AB 


since DF = DG (Dison angle bisector AD) 


T 24 
The Triangles Created by Medians 


Teacher Notes 


= Conjectures 
The Triangles Created by Medians . . 
Tat Saanwastcienmeneyttemeosne, |» The med , 
rir Crip Taare ate abaya! eldest nea e median drawn from the vertex of the right 
Procedure: angle is half the length of the hypotenuse. 
* Construct a nght aoc. ¢ A median divides the triangle into two sections of 
mmm Drawings & Date ¢ A median divides the triangle into two sections of 
equal area. 
Obtuse Triangles: 
¢ A median divides the triangle into two sections of 
equal area. 
langles: 
¢ A median divides the triangle into two sections of 
equal area. 


¢« A median from the vertex angle creates two 
tnangles with equal perimeters. 

¢ Amedian from the vertex angle can also be an 
angle bisector, altitude, or perpendicular 
bisector. 

¢ A median from any vertex can be an angle 
bisector, altitude, or perpendicular bisector. 


Notes 


In addition to exploring the properties of medians, this activity has a second purpose. 
Beginning geometry students often believe that if a relationship is true for one type of triangle, 
then it is true for all triangles. For example, a median drawn from the 90° angle in an 
isosceles right triangle is perpendicular to the hypotenuse. Students commonly think that this 
holds for medians in all nght tnangles. This is clearly false as the drawing shows. 


Therefore, in this activity, students are asked to search, test, and state their conjectures in terms 
of specific types of tnangles. They are not asked to make generalizations that apply to all 
tnangles. 
Comments 


T 24 (page 2) 
The Triangles Created by Medians 
Teacher Notes 


T 24 (page 2 
The Triangles Created by Medians 


a= Conjectures The table below can be used for class discussion to 
Right Triangles (non-isosceles): help students obtain a general view of conjectures 
TTT roAM———™_|_ they aver collected for each type of triangle. 


List your conjectures in the left hand column and put a 
"yes" ora "no" under the type of triangle to indicate 


Obtuse Triangles: whether a given conjecture is true for that type of 
—_ tangle. 

For each conjecture that holds for more than two types 
oe s|sCf triangles, you might ask students to write a 
In an isosceles triangle, the median from the vertex angie can also be a convincing argument to support that conjecture. 


Equilateral Triangles: 


In an equilateral triangle, the median from any vertex of the triangle can also 
bea ,a ora . 


Right_| Acute _| obtuse | isosceles|Equlateral 


Comments 


T 25 
Two Medians 
Teacher Notes 


T e 
nwo Medd Conjectures 


Task: To explore relationships in a triangle when two medians are drawn. 


Procedure: 

* Construct AABC. 

° Craw medians AD and BE. . 

* Label the intersection of the two medians with point F. D 
¢ State your conjectures. 


eum Drawings & Data 


E 


¢ Area of AABD = Area of AABE 


e AreaofAABD 3 AreaofAABE 


AreaofAABF 2 Areaof AABF 
¢ Area of AAEF = Area of ABFD 


¢ Area of AABF = Area of AAEF + Area of ABFD 


Comments 


T 26 and T 27 
A Median and Sides 
Three Medians 


Teacher Notes 


T 26 
A Median and Sides 
Task: To investigate the relatonship between the length of the median and 


ae Conjectures 
the lengths of the sides. 


procedure: T 26 


* Construct any AABC. 
° Draw median AD. AB + AC 
* Measure the length of the median and the lengths of the sides of e AD C—_——— 
the triangle. y) 
* State your conjectures about these measurements. 
* Investigate whether your conjectures hoid true for diferent types of 
Proof 


triangles. 


a=m= Drawings & Data 


E 
Extend AD such that ED = AD. 
AB = CE (ABEC is a parallelogram) 


T 27 i _ . 
hres meal2?| In AACE, AC + EC > AE implies AB + AC > AE =2- AD 

Task: To investigate the relative lengths of medians in a triangle. AB + AC 
Procedure: and AD <———-_—__.. 

* Construct any SABC. 2 

* Draw the three medians. 

* Measure the lengths of the medians and the lengths of the sides of 

the triangle. 

* State your conjectures. e 

eum Drawings & DatG quesee —_—— Conjectures 


T 27 


¢ The shortest median will be drawn to the longest 
side. 


¢ The longest median will be drawn to the shortest 
side. 


auam Conjectures 


In relation to the lengths of the sides, which median do you think will be the 
shortest? Which median do you think will be the longest? 


Comments 


T 28 
One Midsegment 
Teacher Notes 


one Midseqna? | === Conjectures 
Task: To explore figures formed by drawing one midsegrnent in a tnangie. 
- ED | BC 
1 
G. *ED=—:BC 
¢ Measure the elements of the figure. 2 
; State your conjectures 


¢e Area of AEAG = Area of ADAG 
¢ Area of AACF = Area of AABF 
¢« Area of EGFC = Area of DGFB 


¢ ZAEG = ZACF, ZADG = ZABF 
ZEGA = ZCFA, ZAGD = ZAFB 


AAED ~ AACB 
a= Conjectures 
¢ Area of AABC _ Area of AACF _4 
Area of AADE ~ Area of AAEG ~ 


¢ Perimeter of AABC Perimeter of AACF 


PerimeterofAADE ~~ PerimeterofAAEG ~~ 


Comments 


T 29 


One Midsegment and Two 


T 29 
One ate ND Medians Conjectures 
Task: To explore figures formed by a midsegment and two medians. 
Procedure: ; Cc A C E 
. Draw BE anc CO. 
« Label he intersection of BE and CO wah point F. 
* Measure the elements of the figure. 
am Drawings & Data 
B 
e Area of AABC 4 
Area of AAED ~ 
* Area of ACFB 4 
Area of AEFD 


eAreaofACFB 4 


AreaofAAED 3 


¢ Area of ACEF = Area of ADFB 


« Perimeter of AABC 


PenmeterofAAED ~~* 


« Perimeter of ACFB 
Perimeter of AEFD — 

1 e 

2 


DE ||B 


2 


-DE=—:BC 


Comments 


Medians 
Teacher Notes 


T 30 
Three Midsegments 
Teacher Notes 


T 30 , 
Three Midsegments Conj ectur es 

Taek: To explore figures formed by a tnangie with the three midsegments. 
Procedure: 

+ Construct any AABC. —~ — a A 

. Draw midseqment DE connecting AB and AC. ar D 

* Subdiide BC int wo equa pays. rs 

* Draw DF ara EF. F 

* Measure the resuting segments and triangles. B 

F 
C 


ow. 


¢ EF =—- AB, DE =5 BC DF=—-AC 


- EF || AB, DE|| BC, DF || AC. 


PO 


¢ The four triangles inside AABC are congruent and 
have equal areas and perimeters. 


¢ If AABC is an "x" triangle, then each of the four 
triangles inside AABC are "x" triangles. 


¢ BDEF, DECF, ADFE are parallelograms. 


¢ ABFE, ADFC, EDBC are trapezoids. 


ame Comments 


T 31 
Midsegments and Midpoints 
Task: To explore figures formed by a triangle and the midpoint of each 
side. 


Procedure: 
° Construct an acute 


+ Measure the resulting segments and triangles. 8 
« Record data. 
* State your conjectures. 


ame Drawings & Data 


T 31 
Midsegments and Midpoints 


Teacher Notes 
Conjectures 


¢ Area of AFIH = Area of ADJG 


¢ Areas of AFIH + ADJG = Area of AElJ 


* Area of AABC 


Area ofACHG~ © 


* Area of AABC 


Area ofACDF ~~ 


* Perimeter of AABC 


PerimeterofACHG ~~ 


¢ AreaofAFIE = Areaof BEJD 


Comments 


T 32 
Parallel Lines 
Teacher Notes 


Conjectures 
for repr. in figure: 


Draw median AD in AABC, median DE in AADB, 


median EF in ADEB, median FG in AEFB, median GH 
in AFGB, and median Hl in AGHB. 


T 32 
Parallel Lines 
Task: To reproduce the figure below, without using the Parallel option. In 
AABC, DE || FG || Hl and AD | EF || G4 


P By measuring the angles, you can show that the 


alternate intenor angles are equal. For example, 
AD || EF because ZADE = ZDEF. The Midline or 
Midsegment Theorem can be used to prove the result. 


* Make a drawing similar to the figure above. 

* Collect data to confirm that the segments are parallel. 

* Describe below the procedures for reproducing the figure. 

¢ Develop three methods for drawing parallel lines without using the 
Parallel option. 


aus Drawings & Data 


Three methods for drawing parallel lines: 


1. Subdivide sides AC and BC into an equal number 
(n) of subdivisions and draw the segments as in 
the diagram below. By measuring angles, you 
can show that the appropriate corresponding 
angles are equal. A 


ama Con jectures ; 
Procedure lor reproducing the figure: 


Three methods for drawing parallel lines inside tnangles without using the 
Parallel option. Describe your methods and record sample drawings for 
each method. 


2. Draw midsegment DE in AABC 
from AB to BC and draw 
midsegment FG in trapezoid ACED. 
Repeat this process. 


3. In AABC, subdivide AB into n equal 
subdivisions. Draw perpendiculars 
from each point on AB to side BC. 


Comments 


T 33 
Paralilelogram in a Triangle 
Task: To investigate parailelograrns drawn in isosceles triangles. 


Procedure: C 

* Construct an isosceles AABC using the 
side-angle-side option so that AC = AB. 

* Label a random pant D on 

* Construct suh ta spas OBB. 

* Construct 

* Measure the sum af the lengths Ene AB AG. 

¢ Measure the perimeter of the parallelogram AEDF. 

¢ Record your data. 

° Repeat this procedure for differermt types of 
tangles, using a new random point on each triangle. 

¢ State your conjectures. 


ams © Onjectures 


What is the relationship between AB + AC and the perimeter of parallelogram 
AEDF? 


Comments 


T 33 
Parallelogram in a Triangle 


Teacher Notes 


a= Conjectures 


¢ AB + AC = perimeter of AEDF, if AABC is isosceles 
or equilateral. 


Proof 


After students have an understanding of the 
relationships between similar triangles, ask them to 
prove this relationship: 


ACDE ~ ACBA implies that AECD is an isosceles 
triangle with CE = DE. ABDF ~ ABCA implies DF = BF. 


Thus, AB+AC = BF+FA+AE+CE 
= DF +FA+AE+DE (by substitution) 
= Perimeter of AEDF 

a Conjectures 


¢ If AABC is a right triangle, then AEDF is a 
rectangle. 


¢ AABC ~ AEDC ~ AFBD 


T 34 
Perpendiculars in a Triangle 
Teacher Notes 


Perpendiculars in a Triangle -—_—_—— Conj ectures 
Task: To explore the relationship between perpendicuiars drawn from 
midpoints of two sides in a triangle to the third side. e DF - EG 
Procedure: 
: Ce ay ee XE and 7B wih ports — — 
° Draw OF and EG so that hey ae perpendicular g ° DF | EG 
° DBC. we the relationship between DF and EG. 
« DF +EG=AH 
* Investigate the relationships arnong DF, EG, 
and alttude AH. 
* State your conjectures. « BG +CF=GF 
awe Drawing’ 6 Dae — EEE 
Area of AABC _4 
¢ Area of ACDF + Area of ABGE 
AreaofAAHC  AreaofABAH _ 4 


*AreaofADFC Area of ABEG 
¢ AAHC ~ ADFC ~ AEGB 


Comments 


T 35 
Lengths of Perpendiculars 
Parts A and B 


Teacher Notes 


T 35 
Lengths of Perpendiculars - Part A 


Task: Jo investigate relatonshes err berpendcviar ine segments Conjectur es 
raw points on one side to an ide. . . 
Procedure: Cy, Starting at vertex A, number the points of the 
; Study this Faure. eructions on cher tiangies. . subdivisions consecutively from 1 to (n—1). Thisis 
* Measure line segments. an example for n = 5. 
° your data. 


* State your conjectures. 


Part A 


Let a; be the number that represents the length of the 
perpendicular from the /'th position of the subdivision 
along AC; let b; be the number that represents the 
length of the perpendicular from the j'th position of the 
subdivision along AB forj =n -—i. 


T 35 
Lengths of Perpendiculars - Part B to, 
Task: To investigate relationships among perpendicular line segments ° Fj + oF = AD for any !, |= 1 to (n — 1) 
drawn from points on two sides to the third side. 
Procedure: . . ° 
+ Construct any ABC. * For any i, a; = bj in any triangle 
* Subdivide any two sides into three segments. 
* Draw perpendiculars from the subdivisions to the third side. 
¢ Repeat this drawing on different types of triangles. 
+ Repeat the same construction with four subdivisions and five 
subdivisions. “_— Part B 
¢ Record your data in the chart below. 
* State your conjecture. 


IRAP TROTTER ETRE In any tnangle, the sum of the lengths of the 
i Ante | perpendicular segments on each side of the altitude 
___ = are equal. 


Forn =3, the sum of the lengths of the perpendicular 
segments on each side of the altitude equals the 
length of the altitude. 


Forn> 3, the "sums" are greater than the length of the 
altitude. 


Comments 


T 36 
Perpendicular Bisectors in a Right 
Triangle 


7 36 Teacher Notes 
Perpendicular Bisectors in a Right Triangle 


Task: To explore relationships arnong triangles and elements of triangles Conj ectures 
formed by the perpendicular bisector of one leg of a right triangle. 
Procedure: 
¢ Construct a night triangle. 
+ Oraw the perpendicular bisector of one jeg of the triangle. B 
D E 
A C 


¢ ZBED = ZBCA 

- AC || DE 

¢ Area of AEDB = - area of ABC 

¢ Perimeter of EDB => perimeter of ABC 
+ DE=>AC 

¢ Areaof AED = - area of ABC 

¢ ZACE + ZCAD + ZADE + ZDEC = 360° 
- Dis the midpoint of AB 


mms (Omens 


T 37 
Two Perpendicular Bisectors in a 
Right Triangle 


Teacher Notes 


T 37 
Two Perpendicular Bisectors in a Right Triangle 


Conjectures 


Task: To explore relationships arnong triangies and elements of triangles 
formed by the perpendicular bisectors of both legs of a night triangle. 


Procedure: 

° struct a night triangle. 

« Draw the perpendiculay bisector of each leg of the triangle. 
* Measure and record data. 

¢ State your conjectures. 


au Drawings & Data 


¢« Area of AABC 


Area of ADGF ~~ 


¢ ADGF is a square if AABC is an isosceles right 
triangle. 


¢ ABDE ~ AGFC 


¢ ABDE = AGFC if and only if AABC is an isosceles 
nght tnangle. 


¢ The perpendicular bisectors meet at the midpoint 
of the hypotenuse. 
AreaofAABC AreaofAABC 
AreaofAADF AreaofADEF 


Area of AABC 
= AreaofADBG 


Area of AABC 
Area of A GCF 
4 


Comments 


T 38 

Three Medians in a Right 
Isosceles Triangle 

Teacher Notes 


T 38 
Three Medians in a Right Isosceles Triangle 


Task: To explore relationships arnong triangles and elements of triangles 
formed by the three medians in a nght scsceles tnangie. 


Conjectures 


' ° Construct a right iscaceles AABC using the 
. Draw thee medians im the triangle ° CF = BE, AD = DB = CD 
* Label the intersection point G. 
* Record your data. 
; Check rout cotyectures with another right °BG=2: GE, AG =2: GD, GC =2:GF 


isosceles trangie. 


8 
° AR this procedure on an @ triangle. ; ; 
__ Drenings 8 Data ¢ The areas of each of the six triangles inside AABC 


are equal. 


¢ Area of ABEA = Area of ACFA; ABEA = ACFA 
¢ AGDC and AGDB are congruent right triangles 
¢ AreaofABGA AreaofACGA AreaofAAGC 


AreaofABGD AreaofACDG §AreaofAFGA ~ 
¢ Perimeter of ACDG = Perimeter of ABDG 


° Perimeter of ACGE _ Perimeter of ABGF 


Perimeter ofAGEA Perimeter of AGFA =12 
a——— Proof 
perimeterofACGE _ 

Prove perimeterofAGEA ~ Ve C 
suppose AB = AC = 
Then BC =2 2x and EB =,/5x, CF=/5 x, AD = 2 X. D : 
Since EB, CF, and AD are medians, 
ca =-BG - 242% eq-or- 12%. AG = 22% and GD - 22%. 

3 3 3 3 B = A 

| 2 Sx y5x 
PerimeterofCGE 3 3 — (f5 +1)x ___(f5 +1) x 
Perimeter of GEA _ 7 7 
2 2/2 , 18x, , 2S |, 22 ERE] ; 


—34+3f5 _ 
63 42/2+/5 


Comments 


T 38 (page 2) 

Three Medians in a Right 
Isosceles Triangle 

Teacher Notes 


Conjectures 
Acute Triangle: 
¢ The areas of each of the six triangles in AABC are equal. 
¢CG=2:GF, BG=2:GE, AG=2:GD 


¢ Area of AABC _ 
Area of ADEF — C 


* Perimeter of AABC | F 
Perimeter of ADEF 


- Many true facts about midsegments DF, FE, and DE. 


¢ In equilateral AABC, ZAGB = ZBGC = zCGA = 120°. B 


mms COmments 


T 39 
Angle Bisectors in Isosceles 


Triangles 
Teacher Notes 


T 39 
Angie Bisectors in isosceles Triangies 


Task: 70 explore figures formed by the three angle bisectors in soscoles Conj ectur es 
tnangies. 

Procedure: tan caneles aABC ¢ ACFB = ABEC by SAS; their areas and perimeters 
aro BE, ana OF. are equal. 
. State your conjectures. ¢ BF=CE, BE=CF, and zCEB = zBFC by 

aus Drawings & Data corresponding parts of congruent triangles. 


¢ AE=AFand ZAEF = ZAFE. 
¢ ACGB is isosceles; CG = BG. 


¢ ZAEF = ZAFE, ZCEB = ZCFB implies that zGEF = 
ZGFE. Thus EG =FG and AEFG is isosceles. 


* EG=FG, ZEGD=zFGD (vertical angles), and GD = 
GD implies that AEGD = AFGD by SAS. Thus, ED 
= FD and AEFD is an isosceles triangle. 


Notes 


This problem contains many conjectures related to 
isosceles, nght, and congruent tnangles. Labeling 
additional points of intersection in the diagram can 
lead to the exploration of other relationships. For 
example, label the intersection of AD and EF = with H. 
ZAHE = ZAHF = 90° and EF || BC because AD BC. 


Comments 


T 40 
Three Altitudes in Acute Triangles - Part A 


Task: To explore relationelips in figures formed by the three altitudes in 
acute triangles 


Procedure: 
. Gran be tree ante AD, 
- Draw he tree BE, and CF. 
- Draw EF 
. Label the intersection point of the altitudes with point G. 
* Measure and record your data about the relationships between the 
various angies and triangies in the drawing. 
* State your conjectures. 


ams Drawings & Data 


T 40 
Three Altitudes in Acute Triangles - Part B 


Task: To explore relationships in figures formed by the three altitudes in 
acute triangles. 


Procedure: 
* Use your construction from Part A: 


ures about the relationshos between vanous 
" angles and tri tnangies in the dramng. 


ams Drawings & Data 


uum Conjectures 


aa Comments 


T 40 
Three Altitudes in Acute Triangles 
Parts A and B 


Teacher Notes 


Conjettss —— 
| 
Part A p 
¢ AFCA ~ AGCE 


because ZCAF = ZCGE and ZFCA = ZGCE. 


¢ AFGA ~ACGD 
because ZFGA = ZCGD and zZGAF = zDCG. 


¢ AADC ~ ABEC 
because ZCAD = zZCBE and zDCA = zZECB. 


¢ ABGF ~ ACGE 
AAGE ~ ABCE 
ADGB ~ AEGA 


Part B 


¢ Similar relationships hold when DE and DF are 


drawn. C 
D E 
A 
F 
B 


T 40 (page 2) 
Three Altitudes in Acute Triangles 
Part C 


Teacher Notes 


T 40 
Three Altitudes in Acute Triangles - Part C 


Task: To explore relationships in figures formed by the three altitudes in Conjectures 
acute triangles. 
Procedure: Part C 
« Use your construction from Part B: 
ee eee EEE. wo Zh. ¢ The circle that circumscribed ABFE also passes 
+ Label the intersection point of the through vertex C. 
altitudes with pomt G. 
Cingiteerbe 45F, 
° rcurmrscr . ® ‘ . —_ an 
. State your conjectures. ¢ The center H of this circle lies on CB. 
au Drawings & Data 


¢ If His the center, then CH = BH =HF =HE 
Proof 


au Conjectures 
How does this crcie relate to AABC? 


ZBEC = 90° (BE is an altitude). 
CB is a diameter of acircle that circumscribes ACEB. 


ZCFB = 90° (the same). 

CB is a diameter of a circle that circumscribes ABFE. 
CBis acommon diameter so the two circles are the 
same circle. 


Comments 


T 41 
Three of Everything 


Teacher Notes 
aaa Nata 


T 41 
Three of Everything 
Task: To explore the relationships among the points of intersection of the 
three medians, altitudes, angie bisectore, and perpendicular 


bisectors in triangles. The three medians intersect... 
Procedure: . . 
: Construct a right triangle Triangle In One Outside Inside On 
* Draw the three medians in the triangle. Type Point Triangle Triangle Tnangle 
* Place a check mark under the colurmns which descrbe the 
intersection of the three medians. P| 
* Repeat the procedure for other tnangles and check the appropriate 
colurnn on the chart. 
° Use the same procedure to cornpiete the chart below for altitudes, 
angie bieectore, and perpendicular bisectors. 
* State your conjectures. 
The three medians intersect... 


soso ane) [ 
['sosceles (Cotuse)| | | 
Equiatra | | 


The three altitudes intersect... 


Tangle soane naue 10n The three altitudes intersect... 
Right 


EE ee es ee 
fOose | 
jtscscolee (Acute) | | TT 
jsoscoles (Obtuse)| | | 
[Equiatera = | | CCT CCT 


Triangle In One Outside Inside On 
Type Point Tnangle Triangle Triangle 


ame Comments 


T 41 (page 2) 
Three of Everything 


Teacher Notes 
aa Nata 


T 41 (page 2 
Three of Everything 


The three angie bisectors intersect... 


Triangle in One Outside _siinside On 
Type Point nangie [Triangle | Trangie 
pRigtt 


Co 

a 
[aoscnien (Ottwe| | | + 
feaviaors | |] | 1 


The three angle bisectors intersect... 


fe | |S 
Type Point Tnangle Triangle 


Triangle 


Sn 
[isosceles (Acute) | | Tt 


jWsoscoles (Obeuse) | | The three perpendicular bisectors intersect... 


[Equiateral | | 
Triangle In One Outside On 
Type Point Triangle Triangle 


Inside 
Trianale 


Notes 


This could serve either as a Summary project on 
concurrency in tnangles or as the basis of further 
discussions on properties and theorems regarding 
intersections of elements. 


Comments 


T 42 
Trisecting Sides in a Triangle 


Task: To explore figures formed by tnsecting two sides of a triangle and 
connecting these pomts to the apposite vertex 


Procedure: 

* Construct any AABC. 

* Subdivide any two sides into three equal parts. 

* Connect the two vertices to the points of the 
subdivsion. 

* Labei the four points of intersection formed 
by these segments to match the drawing. 

* Collect and record data. Cc 

* State your conjectures. 


awe Drawings @ Date ——llllEEEEEEE 


State what would happen # you subdimde any two sides into 10 equal parts. 


ae (COmiments 


. . T 42 
Trisecting Sides in a Triangle 
Teacher Notes 


Conjectures 


* The median from A to BC passes through points H 
and J. 


¢ Draw median CM to AB. 
Area of ACEM = Area of ACMD 


¢ Area of HIGF = Area of EKHD 


¢« Area of ABHA = Area of ACHA 
Area of ABKE = Area of ACIG 
Area of AACJ = Area of ABJA 


If sides are divided into 10 equal parts: 


* The median from A to BC passes through the 
points of intersection as above. 


¢ Similar results involving area hold as above. 


- Suppose the AB and AC are divided into n = 3, 4, 
5,6... equal parts and AJn, n=3,4,... represents 
that portion of the median from A to BC where Jn is 
the intersection of the median with the segment 
drawn from C to AB closest to B. For example, 
when n =6, note AJ, below. 


T 43 
Star Triangles 
Teacher Notes 


Conjectures 


T 43 
Star Triangles 
Task: To explore figures formed by trisecting the three sides of a triangle 


and connecting the points to the apposite vertex. 
Procedure: Bs ¢ Area of ABJA = Area of ABKC = Area of AAJC 


* Construct an equilateral AABC. 


¢ Subdivide each side into three equal 


segments. 
"pone dihe sibdveors. ens g *AreaofAABC . AreaofABLA 


c 
* Label the intersection of CE and BT with point J. ; 
* Label the intersection of AG and CU with point 
+ Label the intersection of AF and BR with point L. . 
A 


AreaofABLA ~'’ AreaofAKLJ 


* These three intersection points together with the 


vertices of AABC (Figure BJCKAL) form a ‘star’. 
¢ State conjectures about the relationships arnong 


Note: This is another method for dividing a triangle 


ce Ine ia. ad btweon the angle race and cutie the into five sections of equal area. 
° Repeat this procedure for diferent types of triang les. 
" ypes Ot tungien? mee Reel ewer * Area of AABC _ 
ee OI EOL Area of AKLJ 
*AB_BC_AC 
KL LJ KJ 


¢« Perimeter of AABC 


PerimeterofAKLJ ~~ 


¢ AKLJ is equilateral. If ABC is an "x" triangle, then 
KLJ is an "x" tnangle and the two triangles are 
similar. 


¢ Area of "Star" _ 
Area of AABC ~ 


¢ All of the conjectures listed for the above hold true 
for all types of tnangles. 


a= Comments 


T 44 
Clrcumscribed Triangles - Part A 


Taek: To explore the relationship between a central angie and angies on 
CoA 


eae VW 


the relationship of BDA to other angles in the drawing. 


a= Drawings & Data 


Task: To explore the relationshp between a central angie and angles on 


Procedure: 
* Use your construction from Part A. 
* Construct an acute AABC. 
° Draw a circu bed circie with center D. 
 Oraw A and BO. 
* Use the Adjustable element aption on the Measure menu to locate 
points E and F on arc ABC. Locate E and F so that OE = OF = AD. 
* Record your data. 
* State your conjectures. 
¢ Which comectures are identical to those found in Part A? 
aa= Drawings & Data 


Comments 


ae Conjectures 


T 44 
Circumscribed Triangles 
Parts A and B 


Teacher Notes 
Conjectures 


Part A 
¢ /BDA =2: ZBCA 


Proof 


CD =AD =BD (Circumscribed circle with center D) 

In AABC, 2: ZACD + 2: zZDCB + 2- zDBA =180°, 
so2:ZACD + 2: zDCB=180°- 2: zDBA 

In ABDA, ZBDA + 2: zZDBA = 180° 
so ZBDA = 180° -—2: zDBA 

Thus, 2: ZACD + 2: ZDCB = ZBDA, 
or 2(zACD + ZDCB) = zBDA 

2° ZBCA = zBDA 


Part B 


¢ The same conjecture holds for any point on 
“ACB. 


T 45 
A Triangle and Its Inscribed Circle 
Teacher Notes 


a= Conjectures 


T 45 
A Triangle and Its inscribed Circle 
Taek: To explore the relationship between the center of an inscribed arcie 
and the three tangent points to the tnangle in which é is inscribed. 


| nter D in (lateral triangle: 
¢ Dis equidistant from E, F, andG 


Procedure: 

* Construct an equiateral AABC. 

* Inscnbe a circle with center 0. 

* Draw the radius to each of the tangent points. 

* Describe the relationships between the G 
intersection points (E, F, G) and the elements E 
and properties of the triangle. Cc 

* Record your data. 

« Repeat the construction on other types of triangles. 

* State your conjectures on the following page. 


¢ Dis also the point where altitudes, angle bisectors, 
and perpendicular bisectors intersect 


Pr | fE F and G: 
¢ The lengths from each vertex to the tangent points 
are equal 


¢ The distances from the tangent points to point D 
are equal 


¢ The length of the radius of the circle is 1/3 the 
length of an altitude of AABC 


¢ The tangent points are the midpoints of each side 


A Tangle and its nacre as me Tnangles formed by vertices A, B, and C and points E, 
man Conjectures - The six triangles (AAEF, ABFG, ACGE, ADEF, 


Describe the relationship between the center of the circle D and the sides of 


the tnangle; between the center D and the vertices; and between the center ADGF, ADGE) are isosceles 


D and other properties of the triangle. 


¢ There are three pairs of congruent right triangles 


Explore the properties of the triangles forrnad by the points E, F, and G and 
the vertices A, B, and C. 


n res that hold for all f tnangles: 
¢« The distances from D to E, F, and G are equal 


* AE=AG, BE=BF, CG=CF 


Which conjectures for equilateral tnhangles are true for other types of tnangies 
as weil? 


Comments 


Taek: To explore a figure formed by an inscribed circie in a triangle. 


Procedure: 
* Construct a AABC using the side-side-side option with each side 5 
units long. 
* Inscnbe a circle in AABC. 
¢ Record data. 
* State your conjectures about the relationship of the center D to 
SABC 


° Repeat this procedure for other types of triangles. 
* For each type of triangle, state your conectures. 


a= Drawings & Data 


T 46 
The Center of an Inscribed Circie - Part B 
Task: To construct the center of the inscribed circle of a tnangle. 


Procedure: 
* Construct an equilateral AABC. 
* Find the center of the inscnded circle without using the “inscribed 
Circle” aption. 
° Describe your method. 
* Try this method on diferent types of triangies. 
* State your conjectures. 


am= Drawings & Data 


aums Conjectures 


Comments 


T 46 
The Center of an Inscribed Circle 
Parts A and B 


Teacher Notes 


Conjectures 


Part A 


Equilateral Triangles: 
¢« DA=DB=DC 


¢ ZACD = ZBCD = ZCBD = zDBA = zZBAD = zDAC 
¢ ZCDB = ZBDA = zADC 

¢ Dis equidistant to each side 

¢ Dis the intersection point of the medians 


¢ Dis the intersection point of the perpendicular 
bisectors 


All Triangles: 
¢ ZCAD = ZBAD; zZABD = zCBD; zBCD = zDCA 


¢ D is equidistant to each side 


Part B 


The center is the intersection of the angle bisectors. 
The radius is the distance from the point of 
intersection to any side of the tnangle. 


T 47 
The Center of a Circeumscribed Circie - Part A 


Task: To explore the relationship between the center of a circumscribed 
circle and the tnangie which it cwcumscrbes. 


Procedure: 
. struct a AABC using the side-side-side option with each side 5 


untts long. 
* Circumscrie a circle around AABC. 
* State your conjectures about the relationshp of the center D to 
SABC. 
¢ Repeat this procedure for other types of trangies. 
* For each type of triangle, state your conjectures. 
aus Drawings & Data 


T 47 
The Center of a Circumscribed Circle - Part 8 
Task: To construct the center of the circumscribed circle of a triangle. 


Procedure: 

° struct an equilateral AABC. 

+ Find the center of the circumscribed circle without using the 
“Circurnscribed Circle” option. 

+ Describe your method. 

* Try this method on diferent types of triangies. 

* State your conjectures. 


= Drawings & Data a 


au Conjectures 


T 47 
The Center of a Circumscribed Circle 


Parts A and B 


Teacher Notes 


ae Conjectures 


Part A 


Equilateral Triangle: 
¢ DA=DB=DC 


¢ ZACD = ZBCD = ZCBD = ZDBA = ZBAD = zDAC 
¢ ZCDB = ZBDA = ZADC 
¢ Dis equidistant to each side 
* Dis the intersection point of the angle bisectors 
¢ Dis the intersection point of the medians 
° The radius is two-thirds of any median 
Other Triangles: 
* DA=DB=DC 
¢ ZDBA = ZDAB; ZDAC = zDCA; zDCB = zDBC 
¢ ADBA, ADCA, and ADCB are isosceles 


¢ If ABAC is a night tnangle, then D is the midpoint of 
hypotenuse BC. 


: If AABC is obtuse, then D is in the exterior of AABC. 
¢ If AABC is acute, then D is in the interior of AABC. 
Part B 
¢ The center is the intersection of the perpendicular 
bisectors. The radius is the distance from the point 


of intersection to any vertex of the triangle. 


¢ This method works on all triangles. 


OV ——EEOOEOEOEOEOE——————— 


T 48 
Three Consecutive integers 
Task: To explore the relationship between altitudes and the radius of the 
inscribed cicie in tnangies whose side lengths are three 
consecutive integers. 


Procedure: 
* Construct a tnangle using the sidde-side-side option with lengths 
ae 


that are three co: 

+ Draw the three altitudes. 

* Now draw an inscribed circie in the triangle. 

* Investigate the relationships between the altitudes of the triangle 
and the radius of the arcie. 


Comments 


T 48 
Three Consecutive Integers 
Teacher Notes 


Conjectures 


ee B = A 

¢ GH || BE 
Lines that are perpendicular to the same line are 
parallel. 


« BE=3:GH 
This relationship holds for only one altitude. The 
altitude to the side whose length is represented by 
the second consecutive integer is three times the 
radius. In general, there is a radius which is 
parallel to each altitude. 


Proof 


Let a = length of AB (shortest side), r= GH, andh = 
BE. 
(a+1)°h 

2 


Area of AABC = Area of ABGA + Area of AAGC + Area 
of ABGC 


Area of AABC = 


acr (a+r fa+e2)ir 
2 2 2 
3r:(a+1) 


T 49 
Reflecting Altitudes 
Task: To explore the resuits of reflecting the alttudes of triangles. 


Procedure: 
* Construct an acuie AABC. 


a noe coma 


° Retecs #5 thie ciailg on wag trangisy 
» Predict under what ? 
» Under what condlions wil 


* State your conjectures. 


Triangle Does AE overlap AB? | Does AF overlap AC? 
Type 


a= (COmiments 


aa Conjectures 


T 49 
Reflecting Altitudes 


Teacher Notes 


- AE and AF will notnecessarily coincide with AB 
and AC respectively. 


¢ For isosceles triangles with vertex angle A and for 
equilateral triangles, AE and AF will coincide with 
AB and AC respectively. 


Notes 


The purpose of this exercise is for students to 
examine under what conditions an altitude in a 
tnangle acts as a line of symmetry. 


T 50 
Reflected Images 
Teacher Notes 


aoe Conjectures 
Retiected Images 
Task: To explore the figure formed by reflecting the side(s) in one side of ° CB = CE, AB = AE 
the triangie. 
Proce ra ght pABE __ A, ¢ BCA = ZECA, ZBAC = ZEAC, ZABC = zZAEC 
| cue tne edee and anges  ABAC and 
AEAC. ¢ AABC = AAEC 


* We call ABAC the pre-image and AEAC the 
mage under the reflection of the sides of ABAC 
n 


¢ Repeat this process for other types of triangles. 
* Record the measurements on your drawings. 


+ State conjectures that are true for ail triangles ¢ Perimeter of AABC = Perimeter of AAEC 


and those that are true for only certain types of triangies. 
aww, Drawings & Data 


¢ If ABAC is a right tnangle, then points A, B, and E 
are on the same line. This is only true for nght 


triangles. E 
A 
C B 
¢ When ABAC is not a night triangle, then the original 
shape and the reflection create a kite. C 


¢ When AABC is obtuse, the kite AECB is non- 
convex. 


- BE is always perpendicular to AC. 


8 E 
¢ The closer zBAC is to 90°, the nearer A is to EB. 


Notes 
This exercise should demonstrate that the measurements of the sides and angles in ABAC (pre- 
image) are equal to the measurements of the corresponding sides and angles in AEAC (image). 
That is, 

vertex B corresponds to vertex E 

vertex A corresponds to vertex A 

vertex C corresponds to vertex C under the given reflection. 


This is an easy problem that could be done with mirrors as well as with the SUPPOSER. Data 
for answering this problem can be qualitative and/or quantitative. Some conjectures (such as 
the last in the list) can be derived by analyzing the visual changes in different types of tnangles 
and looking at the types of shapes that are created by reflection. This could be done even 
before learning about quadrilaterals. Other conjectures can be derived by looking at 
measurements and can be used to learn about or review the properties of quadrilaterals. 
Naturally, all reflections yield symmetric shapes and this could also be a topic for discussion. 
——— Comments 


T 51 
Reflection 
Parts A and B 
— Teacher Notes 
Reflection - Part A Con jectures 


Task: To explore reflection in triangles. 


Procedure 


" Consint an ate ABC Part A 


+ Reflect AABC in AB by retecing SC n AB, AC in AB, andAB n AB. 
¢ Record the drawing. 
* State your conjectures. A 


uum Drawings & Data C 


B 
AABC and AABE share AB in common. 


Part B 
aun Conjectures 


Are the two triangles congruent? Here are different ways to create a shape that shares 
«LY @ pOiNt With the oniginal triangle: 


* Draw reflecting line DE through A, parallel to BC. 


Reflection - Part B ¢ Extend ABfrom A. Bisect ZDAC. AE isa reflecting 


Task: To explore reflection in triangles. 


line. 
Procedure: 
: Uo rotlectons to draw another triangle that shares only one point _ 
wth AABC. ms ¢ Draw median AD in AABC from vertex A. Reflect 
+ What point do the two tnangies share? ra —_=_—_ . . 
+ Record he crawng AB and AC in AD. AAEF has point A in common 
* State your conjectures. ‘ . . 
== Drawings & Data with AABC, however, the two tnangles are 
overlapping. 


¢ Any line which passes through any vertex of 
AABC, and does not have any other points in 
common with AABC, could be a reflecting line for 
two triangles that share a point in common. 


A 
C G 


aun Conjectures eee 


Are the two triangles congruent? 


Comments 


T 51 
Reflection 
Parts C and D 


Teacher Notes 


T 51 
Reflection - Part C 


Conjectures 
Task: To explore reflection in triangles. 
Procedure: Part C 
* Construct any AABC. . . . . : ° 
* Use reflections to draw another tangle that shares no points with Reflecting a triangle that shares no points. Any line 


* Record the drawing. 


: State your conject\ es. which does not intersect the triangle will produce a 
= Drawings & De] es | SEPAarate image. 


De 


y| 


Part D 
Data: 
A:ABC = 5.36 


ABC/KGI = 1 


T 51 
Reflection - Part O 
Task: To explore reflection in triangles. 
Procedure: 
* Construct any AABC. 
* Develop a method for “sliding? AABC to a new position such that 


SABC and tts image are congruent and look like the diagram 
below: 


Draw acute AABC and ED through A, parallel to BC. 

; Semon ine ran Reflect AABC in ED to obtain AHGI by reflecting AC in 
a= Drawings & Data ED and ABin ED. Reflect ANGI in Gl to obtain AKGI. 
Erase all segments except those that make up AABC 
and AKGI. AABC = AKGI; check by measuring the 
sides and angles of AABC and AKGI. 


aa Votes 


ED || |G and the "distance" that each point moves is 
twice the distance between parallel lines. 


=— Conjectures A 


ams (COmments 


T 52 
Construction Chailenges 
Task: To develop a procedure for reproducing this figure. B 


Procedure: 
* Make a drawing similar to this figure. 
¢ Collect data. 
* Describe below the procedures for 
reproduang this figure. 
* State your conjectures. 


aa Drawings é Dee EEE 


amu Conjectures 
Procedure for raproducing figure: 


For quadrilateral ACGE above, under what conditions wil <CAE be a 90° 
angle? 


Comments 


T 52 
Construction Challenges 
Teacher Notes 


Conjectures 


¢ Reflect obtuse ABAC in AB. (The orientation of 
your shape may be different.) | 


¢ Draw obtuse AABC using side-angle-side with 
ZBAC = 135°; then zCAE = 90°. 


Task: To use triangles and reflections to construct polygons. 


Procedure: 

« Using triangles and reflections, develop procedures for 
constructing the following shapes: square, rectangie, rhornbus, 
kite, pentagon, octagon, nonagon, and decagon. 

* On the follomng page, state your conjectures about constructing 
these polygons. 


ame Drawing) @€ Dees  —— EEE EEE 


Comments 


T 53 
N-Gons 


Teacher Notes 


Notes 


This exercise can be used to study the properties of n- 
gons and the congruent tnangles that comprise n-gons. 


A square is generally presented as the special case of 
a parallelogram. It is also a regular 4-gon and can be 
constructed as such. 


The more difficult case in the project is the rectangle. 
A diagonal in a rectangle divides it into two congruent 
triangles. However, a diagonal is not a symmetry line. 
Reflections on diagonals produce kites and not 
rectangles. 


a Conjectures 


Rectangle: Start with any isosceles triangle. Reflect 
isosceles AABC (AB = AC) in a line parallel to BC 
through vertex A. BGFC is a rectangle. 


T 54 

Reflecting a Point to Create 
Triangles 

Parts A and B 


T 
Reflecting a Point to Create Triangles - Part A Teacher Notes 


Task: To explore the figure formed by reflecting the intersection point of the Co nject ures 
altitudes in each side of a triangle and connecting the three image 
con Part A 
eae onstruct an acute AARC. ¢ Acircle which circumscribes AABC passes through 
« Draw the three altitudes. : 
* Label G as their point of intersection. points H, l, J. 
. irae point G in each of the three sides of AABC producing points 
"State your comedterse about the relationshios among the points, ° ADFE ~ AIHJ 
elements, and triangles. 
* Repeat the procedure for other types of triangles. ; 
===: Drawings & Data ¢ Perimeter of AIHJ D 
Perimeter of ADFE ~ 


¢ Area of AIHJ _ 
Area of ADFE — 


¢ If AABC is equilateral then AJHI = AABC 


¢ If AABC is acute, then zJIH = 2(90 — zCAB), zIJH = 
2(90 — ZCBA), and zIHJ = 2(90 — zACB) 
A 


T 54 
Reflecting a Point to Create Triangles - Part B 


Task: To explore the figure formed by reflecting the intersection point of the 
perpendicular bisectors of each side of ainangle and 
connecting the three image points. 


Procedure: 


* Construct an acute AABC. 

* Draw the three perpendicular bisectors. 

* Label G as thew point of intersection. 

. Reflect point G in each of the three skies of AABC producing points Part B 

* Draw 4DEF and AHIJ. . . | 

* Sie, Your Sontertures about the relatiorahios among the points, ¢ The tnangle constructed by connecting the 

— Drowned pate reflected points (the intersection of the 

perpendicular bisectors reflected in each side) is 
congruent to AABC. 


¢ The "reflected" triangle is similar to the triangle 
formed by the points which are the intersections of 
the perpendicular bisectors with the sides of 
AABC; the ratio of their areas is 4:1 and the ratio of 
their penmeters is 2:1. 


Notes 
There are many other interesting conjectures related 


to the positions of the triangles with respect to each 
other. 


amu Conjectures 


Comments 


. T 55 
Triangular Sections 
Teacher Notes 


ts) m= Conjectures 
Triangular Sections . . . 
Line segments divide any triangle into triangular sections. For example, an ¢ [wo sections with equal areas: any median. 


angle bisector divides a triangle into two triangular sections and three 
medians divide any tnangle into sx tnangular sections. 


Task: To describe methods of subdividing triangles into subtnangles that 
have equal area. 
Procedure: 
¢ Construct any AABC. 
* Draw line segments. 
* State your conjectures. 
aun Drawings & Data B 


uum Conjectures ED 


What kind of segment(s) or combinations of segments and how many of them ° Three sections with equal areas: 


divide(s) any tnangle into two sections with equal areas? 


Three sections wih equalarees? (1) Subdivide any side of a triangle into three 
> — A sections of the same length, connect the points 
that label the subdivision to the vertex of the 

Five sections wah equal areas? opposite angle. (Subdividing a side into n 
—————————— sections and connecting the points to the vertex of 
the opposite angle will yield n tnangles with equal 


Four sections with equal areas? 


areas.) A 

(2) Draw the three medians, label the 

point where they intersect. Erase 

GD, GE, and GF. : 

C 
E D 
A 
0 E 
C 
e 
Notes 
B This problem could also be posed in terms of 
penmeter. 


Comments 


T 55 (page 2) 
Triangular Sections 
Teacher Notes 
Conjectures 


¢ Four sections with equal areas: 


(1) Subdivide any side into four equal lengths (see above). 
(2) Draw three midsegments in any triangle. 


C 
F 
A 
E 
D 
B 
¢ Five sections with equal areas: 


(1) Subdivide any side into five equal lengths (as above). 


(2) Draw a median from vertex A; subdivide the median AD into five equal lengths: Starting 
from point A, connect every other subdivision point on the median to points B and C 
(points F and H); erase labels E and G and segment HD. 


A 
: | 
C 
Area of AAFB = Area of AAFC = Area of ABFH = Area of ACFH = Area of ABHC 


Comments 


T 56 
Subdividing Triangles 


Teacher Notes 


—= Conjectures 
Subdividing Triangles ¢ Forn=3, only in equilateral triangles; draw three 


Task: To develop a method of subdividing triangles into congruent 


triangles where the number of triangles is greater than of equal to 3. medians. 
* Forn=4, in any triangle; draw three midsegments. 


¢ Forn=k-:4,k an integer, in any triangle; repeat 
previous method of drawing midsegments in 
smaller triangles. C 


B 
¢ Forn=k: 12, k an integer, in any triangle: 
combine the first two methods. 


¢ Forn=ké, k an integer, in any triangle; by 
parallels and subdividing each side into & parts. 


& 


a= (Comments 


T 57 
Extended Sides 
Parts A and B 


— Teacher Notes 
Extended Sides - Part A 
ask: To explore relationshps in figures formed by extending the sides of 


Conjectures 


triangies by lengths equal to the lengths of the sides. Pa rt A 


Procedure: 
* Construct an equilateral tnangle using the side-side-side option 
with sides that are 3 units long. 
AG from 8 so hat the extension BD = AB. 


. fom C so hat the extension . 
. fron A so that he extansion AF = CA. 
* Draw segments connecting the three endpoints of 


the extensions. 
State your conjectures 


* Repeat this procedure on two tnangles with 
the following Measurements: 
- side lengths 2-2-2 _\ 
* side lengths 4—3-3 


: F 
* State your conjectures. 

—=— Drawings & Data ¢ For any triangle, Area of ADBE = Area of AECF = 
Area of AFAD 
Area of ADBE _ Area of AECF _ Area of AFAD _9 
AreaofAABC AreaofAABC Areaof AABC 
Area of ADEF _ 
Area of AABC — 


¢ For equilateral tnangles: 
ADBE = AECF = AFAD; corresponding parts are =. 
ADEF is equilateral. 

~~ Perimeter of ADBE = perimeter of AECF = 

Extended Sides - Part B perimeter of AFAD 


Task: To explore relationships in figures formed by extending the sides of 


tnangies by lengths equal to the lengths of the sides. No fe Ss 
Procedure: . . 
AG; on MUA ene This problem offers good examples of triangles that 
+ Extnnd AB tom 8 so that he exersion 50 = are not congruent but have equal area. 
. Extend BC fom C so that he extension CE = z= 
- Extend CA fam A so that he extension AF = CA. C ° 
* Draw segments connecting the three endpoints of -_ onjectures a 
he extensions. 
° State your conjectures. Part B 


re EOE + For right triangle, 3 units/90°/2 units, the perimeter 
of AECF = perimeter of ADAF. 

Notes 

Because a median divides any triangle into two 

sections of equal area, the conjectures noted above 

involving area are true. Simply draw DC, AF, and BE. 

Then area of ACDA = area of AABC = area of AABF = 

area of ADAF = area | of AECB = area of AEBF = area of 

AECD. 


ame (Comments 


T 58 
Scale Change 


Teacher Notes 


Conjectures 


T 58 
Scale Change 


Task: To understand the effect of the Scale change option. 


¢ AABC and AA'B'C' will have corresponding angles 
Procedure: : 
+ Draw a right ABC. with the same measure 


* Measure ts sides, angles, and perimeter. 
. Record your drawing of the trangle and fs measurements in the 
space prov . . ° 
+ Use the Scale change option and measure the sides, angies, and ¢ The corresponding sides of AABC and AA'B'C' are 


perimeter of the new AABC. . 
- Oraw this scaled AABC below but change the labels on the vertices proportional. 
of the tnangle. 
: Replace Awith A, with BF, and C vath C. AA'BT is called the 
image of AABC. 
- Repeat the steps above for at least ight, one acute, one "Rt 1 Ow i Ow 'R! i On tl Ow 
cone, oe ececele arora emulator angle AIBIT AC'T+ BIC’ _ AB LAC _ BC’ 
; Resord you reguta, AB+AC+BC AB AC BC 
aw Drawings & Data 
Right Triangle 


Notes 


Once these relationships are established, the 
definition of similarity between trnangles should be 
introduced together with the Angle-Angle postulate for 
similar tnangles. While working on problems 
involving similarity, students will need calculators for 
computing ratios and proportions. 


T 58 (page 2 
Scale Change 
Obdtuse Tnangie 


Equilateral Triangle 


Comments 


T 59 
Scaling with Medians and Altitudes 


Teacher Notes 


1539] m=: Conjectures 
Sealing with Medians and Altitudes 
Task: To understand how a scale change affects lines drawn in a triangle 


and the area of the tnangie. 


¢ The ratios of the lengths of corresponding 
ae eee Construct an acute AABC. medians and the ratios of the lengths of 


| Maamare the idee: tha median the aktede and the area ofthe corresponding altitudes are the same as the ratios 
angl . . 

. Record the drawing ofthe triangle and its measurements of the lengths of the corresponding sides of AABC 

« Use the Scale change option. imacne 

- Measure the sides, the median, the alttude, and the area of the and AA'B'C’, 
new le. 

. Record y your results on the new triangle. 

. asc ames attached to denote labels for vertices 

° hepear the steps above for at least one obtuse, one sosceles, and 
one equilateral tnangle. 

* State your conjectures, 


Notes 


The companson of corresponding altitudes can be 
used later to justify why. . . 


Area of _Area of AABC | 
Area of AA'B'C' | = = 


Obdtuse Trangie 


T 59 (page 2 
Scaling with Medians and Altitudes 


lsosceles Triangle 


Equilateral Triangle 


amu Conjectures 


Comments 


T 60 
Triangles Inside Triangles 
Task: To explore the figures formed by drawing parallels inside a triangle. 


Procedure: 
* Construct any 4ABC. 
* Label a random port_on Ab. 
° Draw De parallel BC b reersect AC. 
* Measure the sides of AABC and AADE. 
* State your conjectures and provide a convincing argument. 


au Drawings & Data 


Comments 


T 60 
Triangles Inside Triangles 


Teacher Notes 


Conjectures 


The purpose of this problem is to introduce students 


_ to the notion that two triangles can be similar even if 


one is drawn inside the other. In particular AADE ~ 
AABC because DE || BC and angles ADE, ABC, 
and angles AED, ACB form congruent corresponding 
pairs of angles. 


« Area Area of AABC AABC |AB] | BC] JAC 
Area of Area of AADE | 


00 =—=——_—_—_—_—__ 
A 
Draw altitudes AF and AG 
for AADE and AABC 
respectively. 5 : 
B = C 
1 
AreaofAABC 2 BC AF 
Area of AADE 1 beac 
2 
BC 
DE 
BC since At. - BC 
DE "AG ~ DE 
BcT 
DE 


T 61 
Midsegment and Median 
Task: To explore the reiationship between segments formed by a median 
and a mdsegmenrt. Cc 
F 


Sideg AB and AC. 
and EF wihpatG =o 


° Provide supporting arguments. 


au Drawings & Data 


SN GGG av 


What is the relationship between EG and FG? 


Provide supporting arguments for your conjectures. 


Comments 


T 61 
Midsegment and Median 
Teacher Notes 


a Conjectures 
*EG=FG 


Proof 


Since EF is a S a midsegment, EF ||BC. Since GF || DC 
and EG || BD, we have AAGF ~ AADC and AAEG ~ 
AABD by the AA Postulate. 

Now, AAEF ~ AABC because EF || BC andthe AA 
Postulate. Thus, 


AF EF 


EF 1 , AE 1 


AC BC 2-EF 2) SMA ABAD 
GF AF 1 
vonsiger AGF = AADC. Then, DG AG 7D 
or GF=+*DC 
2 
EG AE 1 1 
Similarly, —= BD =AB oO OF EG = BD 


But, since BD = DC (AD is a median), 
1 
EG=> DC 


Since GF=5. DC and EG => DC, 
we have EG = GF and Gis the midpoint of EF. 


T 62 
Mystery Triangles 
Part A 


Teacher Notes 


T 62 
Mystery Triangles - Part A 


a Conjectures 


Task: To explore a set of triangles. Pa rt A 


Procedure: 

¢ In each AABC: ZABC = 46.57°, zBCA = 28.96°, 
and ZCAB = 104.48°. 
Students should discover the above conjecture 
and recognize that the ratios of the lengths of the 
corresponding sides of any two triangles are 


equal. In the fourth set, the ratio is = in the second 


set, the ratio is = 


T 62 (pege 3 
Mystery Triangles - Part A 


[[Frianaie Ovewings _—~| ea [eaca [ccna 


Comments . 


T 62 
Mystery Triangles - Part B 


Task: To explore a set of tnangies. 


Procedure: 

* Construct each triangle listed in the table below and on the 
following page. 

° Complete the table. 

* State your conjectures on the following page. 


eS 


a Conject ee —_—__—_—_—_—_—_—_—_————E——— 


Comments 


T 62 


Mystery Triangles 
Part B 
Teacher Notes 
Conjectures . 
Part B 


¢ ZACB = 80° in each triangle 
¢ The ratios of the lengths of the corresponding 
sides of any two triangles are equal. 


Notes 


The purpose of this exercise is for students to use the 
Angle-Side-Angle option to generate triangles that 
are similar to each other. Students should discover 
that the ratio of the lengths of the corresponding sides 
of any two tnangles will be equal if the two triangles 
have the same angle measurements. 


T 63 
Constructing Similar Triangles 
Teacher Notes 


| T 63 Conjectures 
Constructing Similar Triangles 
ra oe ee ang Vangie ich are * Use any length of side with any two angles given 
Ce in the drawing. (ASA) 
6 
; wea ¢ Increase or decrease the lengths of the three sides 


117.3° 
4 A 


by the same scale factor. (SSS) 


. Make a drawing similar to the figure above. 
; Beastie below the procedure for constructing a sirslar figure. ¢ Same angle and two scaled sides. (SAS) 


¢ State your conjectures. 


Notes 


The purpose of this project is to help students 
understand ‘similarity’ before they have learned the 
ASA, SSS, SAS similarity theorems. This project 
might be easy for many students but from some of 

them, you may get procedures such as: increase 
Sane pcs mothe ter coercing asinier gore each of the sides by one unit or divide each angle by 
ao sC*:sétwo.. Bee Sure to Clarify the meaning of similarity in 
class discussion before introducing the similarity 
theorem. 


a= (Comments 


T 64 
Dividing Sides 
Parts A and B 


Teacher Notes 


T 64 
Dividing Sides - Part A ° 
Taek: ,0 expiore relationships Deween a tnangle and a smaller angie Conj ectures 
using subdivision. 
ot Part A 
* Construct 
Susan AC ar ri three equa pars. ¢ AAFD ~ AABC 
+ Measure the elernents of the triangles. 
* Repeat the drawing on different triangles. 
. State your conjectures about the relationship between ABC and e Area of AABC _ g 


¢« Perimeter of AABC 


PerimeterofAAFD ~~ 


Part B 


¢« A median divides a side in the same ratio as it 
divides any parallel to that side. 
au © Onjectures 


T 64 
Dividing Sides - Part B 


Task: To explore relationships between a triangle and a smailer triangle 
formed using subdivision. 


Procedure: 
* Use your construction from Part A: 
* Construct any AABC. 


* Subdvige AC and AB int tres equal parts. 


Draw OF. 
« Draw a median frorn vertex A in AABC. 
« Draw a median from vertex A in SADF. 
* Measure the elements of the tnangies. 
« Repeat the drawing on three other tnangies. 
* State your conjectures about the relationship between AABC and 
ADF. 


au Conjectures 


Comments 


T 64 
Dividing Sides 
Part C 


T 6A Teacher Notes 
Dividing Sides - Part C 


a M4 
Task: To explore relationships between a triangle and a smaller triangle ~~ Conj ectures 
formed using subdivision. 


mocedure: Part C 


*Use your construction from Part B: 


ve your consirveion i A segment from a vertex to the opposite side 
+ Subdiade AC and RB int three equal par divides the side in the same ratio as it divides any 
« Label a random point H on BC. parallel to that side. 


» Draw AH and label point! as the intersection of FD and AR. 

* Measure 5A, CH, Bl, and Fi. 

* Find relationships. 

« Label another random point on BC and repeat the procedure. 

- State your conjectures. Data 


Drawings & Data CH = 5.84 
HB = 4.63 
CH/HB = 1.26 
Fl=1.95 
ID=1.54 
FI/ID = 1.26 


es Conj Cure’? ~wmrE——EIEIEIE = 


Comments 


. T 65 
Creating Similar Triangles 
Teacher Notes 


T 65 Conjectures 
Creating Similar Triangles 
tiangiee’ In sore cases these two triangles are ‘uso srridar tothe origina ¢ A line segment emanates from a vertex and makes 
imvohondige an angle of the same size as one of the angles in 
Task: To explore condor under which a line segment divides a triangle AABC (can be done without the SUPPOSER but 
as a generalization of the altitude in right 

Proce ns de ary GAB draw any ine segment using options on the Draw triangles): two similar triangles result. 

| Rea aeciennpechartsome oo “os | 

* Repeat the coratucton fr diferent pee of ranges and record ¢ An angle bisector from the vertex angle in an 

+ Repeat the procedure for different types of line segments. isosceles triangle or from any angle in an 


* State your conjectures on the following page. 


equilateral tnangle: two congruent (similar) 
tnangles result. 


¢ One midsegment creates two similar triangles. 


¢ Subdivisions of sides and parallel lines create two 
similar tnangles. 


¢ In anght tnangle, an altitude drawn from the right 
angle creates three similar trangles. 


T 65 (pege 
Creating Similar Triangies 


amu C Onjectures 


Comments 


T 66 
Similar Triangles That Don't Touch 
Parts A and B 


Teacher Notes 


; 
Similar Triangles That Don't Touch - Part A Con jectures 
Tt LTE arsenengeeeeceoe =| Part A 
ae eian raw any SABC. 7 ¢ The most general method to draw a similar triangle 
. aC renee nace inside AABC is 
; clue ow eonecune ns wore (1) take any point inside AABC, 
=== Drawings & Data (2) subdivide the segments that connect the 


vertices of AABC to the random point into the same 
number of subdivisions, and 

(3) draw a tnangle by connecting three 
“appropnate” points from the subdivisions. 


Part B 


¢ (1) Draw the three angle bisectors of AABC, 
(2) subdivide the segments that connect the 
vertices of AABC to the point of intersection of the 
angle bisectors into the same numbers of 
subdivisions, 
(3) draw a tnangle by connecting the three 
"appropnate points” from the subdivisions. 


T 66 
Similar Triangles That Don't Touch - Part B 


Notes 
Taek jimlar to ABC such thatthe sides are equidistant rom the. A related problem deals with constructing a similar 
corresponding sides of AABC. A . : 0 . : 
orocedure: triangle that is rotated 180° from the original triangle. 
- Draw any AABC, Another connected problem is how to draw a "frame" 
« Draw a similar tangle inside AABC such that . .o. . 
the sides are equidistant from the outside the orginal tnangle. 


corresponding sides of AABC. 
« Provide data to verity that your methods work. 
¢ State your conjectures. 


a= Drawings & Data 


Comments 


T 67 
Trigonometric Ratios 
Teacher Notes 


Conjectures 


T 67 
Trigonometric Ratios 


sin as , } ¢ For non-90° angles in right triangles, the values of 
ingonomerne funtons sine. tangent Sng oeine are deinen <8 sine and cosine are all between zero and on 
Task: To explore tngonometnc functions in right triangies. : e. 
Procedure 


Sea a choc ¢ The values of tangent are all positive. 


¢ sin 2B =cos (90°— 2B) and cos ZB = sin (90°— 2B) 


¢ For angles less than 30°, the sine behaves almost 
linearly. 


au Conjectures 
State conjectures about the behavior of the ratios (the values of the 
trigonometric functions) as 2B and <C ether increase or decrease in size. 


sin CB) AB) ‘AE cB 

Sate {s | cen | ewe | ise 
g0° |10° [go> 

Se oe 
gor_feor for {s || 34 =| se | se 
gor_fsr_fose_|s || 42 | a7 | ot 
gor_foor foo [s |] 5s | ss |e? 
gor aor foo {s || 64 | ee | er 
gor fase fase [sf] om Tt 
gor [so for [si] 77 | sig | ws 
gor _feor for fs Po | 
oor from for [7 || | 
gor _jeor_ for [7 || | 
gor _less_[s> ts | | 


Comments 


T 68 
Constant Perimeter 


Part A 


T 68 . Teacher Notes 
Con Peri -PartA 
The chart below lists the lengths of the sides of ‘ourirangee, Eun targe " Ce ———— Conj ectur es 
has a perimeter of 21 unas. 


Task: .To explore triangles that have the same perimeter. ¢ Tnangles with the same perimeter can have 
P ° Draw each tnangle using the side-side-side option and the different areas. 

measurements in the chart below. 
* Use the Repeat aption “on previous shape" to scan the four 


. ecard any changes that you observe as you scan the triangles. ¢ The 6-7-8 and 8—4—9 triangles appear to have 
; Bran te recrbedarie greater areas than the 7—4—10 triangle. 
* Draw a radius to one of the tangent points. 
« Using the Repeat option, scan the four tnangles wih thew mscribed 
arcle and radit. 


. Record any changes that you cbserve. ¢ The equilateral tiangle has the maximum area. 


* State your conjectures. 


¢ The larger the area of the triangle, the larger the 
radius. 


¢ The larger the area of the triangle, the larger the 
circle. 


Comments 


T 68 
Constant Perimeter 
Part B 


Constant Perimeter - Part B Teacher Notes 


a= Conjectures 


AB AC BC Area © Perimeter Radius of 
inscribed 
circle 

_ 
ee fe few fe pe 


¢ The ratio between the area of AABC and the radius of the inscribed circle is constant. 


Taek: To explore triangles that have the sare penmeter. 


Procedure: 

* Using the sarne triangles from Part A, measure the perimeter, and 
the area of the tnangie, and the radius of the inscribed circle for 
each triangle. 

* Fill in the table below. 

* State your conjectures. 


inscribed 
crcie 
ct 
| 


| 7 | 4 | 10 


. Area of AABC _ Radius of the inscribed circle 
Perimeter of AABC _ 2 


or Area of AABC = (Perimeter of AABC) er = 
Proof 
Area of AABC = Area of AADC + Area of ABDC + Area of AABD 
a 
2 


(AC > DG) +5 (BC ° DF) +5 (AB * DE) 

(AC + BC + AB) s since DG = DF = DE =r, 
= (Perimeter of AABC) s 
Comments 


T 69 
Constant Area 
Teacher Notes 


2] ss Conjectures 


Constant Area 
oe [oo [eae [os ne [ae 


The table below contains four triangles whose areas afe 10 square units. 
Task: To explore trangies that have the sane asea. 


Procedure: 
* Draw each triangle using the side-angle-side option and the 
measurements in the chart below. 
« Find the penmeter of each triangle and the length of the radius of 
the inscriped circle. 
* State your conjectures. 


fa peofsa] eee fo Pore] 


¢ As one leg increases in length, the other leg 
decreases in length. 


mn Conjectures ¢ As one leg increases in length, the perimeter 
ae increases and the radius of the inscribed circle 
decreases. 


¢ The product of the perimeter and radius is 
constant. 


¢ The larger the perimeter, the smaller the radius. 


Notes 


Embedded in this problem are several principles of 
relations at different levels: the relation between 
perimeter and area, the notion of maximum and 
minimum area for a given perimeter; the maximum 
and minimum perimeter for a given area. 


The exact ratio: (2 x Area)/Perimeter = Radius is a 
traditional problem in tngonometry. However, if the 
properties of the center of an inscribed circle are 
known, then the problem is trivial to prove by 
computation of the sum of the areas of the original 
tnangle and three sub-triangles. 


Comments 


T 70 
Center of the Circumscribed Circle 


Task: To investigate relationshes in a figure formed by triangies that are 
arcumscribed by arcies. 


Procedure: 

. struct any AABC. 

° Circumscribe AABC with a circle having canter D. 

« Repeat the construction on different types of triangles. 
¢ Reoord the diagrams. 

* Make measurements. 

° State your conjectures. 


au Drawings & Data 


aun Conjectures 
The location of the center D relative to the tnangie: 


The relative size of the circle and the triangle: 


The relationship of point D to AABC: 


Comments 


T 70 
Center of the Circumscribed Circle 


Teacher Notes 
a= Conjectures 


¢ Suppose zBAC = 90°. As zBAC increases in size, 
the center D of the circumscribed circle moves into 
the exterior of the tnangle. 


¢ In aright triangle the point D is on the hypotenuse. 


¢« As ZBAC increases in size, the area of ABAC 
occupies less of the circle. 


¢ An equilateral triangle occupies the maximum 
area of the circle. 


¢ The point D is equidistant from the vertices of 
AABC. 


Notes 


This project emphasizes the option to collect data and 
impressions from visual changes before taking 
measurements. In many cases, the relationship 
between two (or more) shapes is clear enough so that 
conjectures can be based on visual data and then be 
checked quantitatively and deductively. 


In the case of circumscribed circles, the different 
locations of the center and the relative size (area) of 
the circle and the tnangle is clear and can help 
students think inductively. 


. T 71 
Two Circles 
Teacher Notes 


T71 
Two Circies 
Task: To investigate figures formed by a triangle and both the inscribed 
and the arcurmscnibed circles of the tnangie. 


Procedure: 
* Construct an acute AABC. 
¢ Inscnve a circle with center O. 
¢ Draw three rada to the tangent points E. F, G. 
° Draw AEFG. 
* Circurscribe a circle with center H about AABC. 
° Oraw a rads HA. 
° Make measurements. 
¢ Repeat the procedure on other types of triangles. 
* State your conjectures. 


ams Drawings & Data 


uum Conjectures 


State conjectures about relationships between a) the two circles, b) the two 
tnangles, and c) the arcies and the tnangies. in particular, look at ddterent 
types of triangles for a relationship between the radi of the two carcies. 
Identty in which type of tnangie the areas of the two circles are closest. 


aN 
ia 


This project could serve as a review 
and summary for the properties of 
inscnbed and circumscribed circles. 


Comments 


Conjectures 


¢ The ratio between the radii of the two circles is 
always greater than or equal to 2. This ratio is 


minimal for equilateral triangles. 


. Area of AABC _ 
Area of AEFG — 


Data A 


HA = 5.57 

DE =2.6 

HA/DE = 2.14 
A:ABC = 36.89 
A:EFG = 8.62 
ABC/EFG = 4.28 


In an equilateral triangle, 


¢ H and D are the same point, HD =0 


radius of circumscribed circle 
radius of inscribed circle 


¢ because sin 30° -_ and 


2 
| , OE +r R 
in A ADE sin 30 =Ay =A S07 =? 


. Area of circumscribed circle 
Area of inscribed circle 


rR OR (R)’ 3 
because ——=—-= 

2 2 
qtr [ 


_fadius of circumscribed circle 
radius of inscribed circle 


T 72 
Midpoints and Circumscribed Circles 
Parts A and B 


7h Teacher Notes 
Midpoints and Circumscribed Circles - Part A 
: To investigate the relationship between the circumscribed circle of a 
triangle and the circle which circumscrives the smailer triangle 
forrned by connecting the mdpoints of the sides of the onginal Pa rt A 
triangle. 


Procedure: ° ‘ . . 
+ Construct any acute AABC. ¢ Radius of circumscribed circle for AABC 
« Bisect the three sides producing points 


. Dia a creumucrbed cic around Radius of circumscribed circle for ADEF — 


ADEF and AABC. 
« Make measurements. ‘ : . . : 
* Repeat the procedure for other tangles ¢ If AABC is equilateral, the circumscribed circles are 
* State your conjectures about the relationships concentnic. 

between the two carcies. 


¢ If AABC is a right trangle, the circumscribed circles 
are tangent at the vertex of the nght angle. 


¢ If AABC is obtuse, the circumscribed circles 
intersect in two points. 


a, © Onjectures 


Part B 


Conjectures 


Midpoints and Circumscribed Circles - Pat 8 « Gis the midpoint of HK. 


: To investigate the relationship between the circumscribed circle of a 
triangle and the circle which circumscribes the smaller triangle 
formed by connecting the midpoints of the sides of the onginal 


triangle. ; ¢ H, G, and K are collinear. 


Procedure: 
Construct an acute AARC. : - If AABC is equilateral, H, G, and K are all the same 
+ Bisect the three sides producing A . 
ims O, €, and F. oint. 
° Draw a circuractibed Circle with center NS P 
G around ADEF and one with center H around AABC. 
* Draw any two altitudes in AABC and label them imersection wah 


Data 
« Make measurements. 
* Repeat the procedure for other triangles and collect data. 
¢ State your conjectures about the relationship among points G, H, HG = 1.38 
and K. GK = | .38 
aw, Drawings & Data <HGK = 180 


em © Onjectures 

What is the relationship between points: 

G - The center of the crcumencie of ADEF. 
H - The center of the circumcircle of AABC. 
K - The intersection point of the altitudes. 


Comments 


T73 
Altitudes and Circumscribed Circles 
Task: To investigate the relationships between the center of the 
circumscribed circle of a triangle and the center of the circle which 
intersects the feet of the altitudes of a triangle. 
To investigate the relationship between the radii of these circies. 


Procedure: 

* Construct an obtuse AABC. 

° Draw he three alitudes AD, BE, Cr.’ 

* Circumscrie a circle wth center G 
about 4DEF. 

« Circumscribe a Circle with center H 
about AABC,_ 

* Draw radius HC and radius GF. 

¢ Label the intersection point | of the three 
altitudes. 


* Repeat the procedure with other triangles 
and investigate relationships among the 
points in the drawings. 

* State your conjectures. 


a= Drawings & Data 


Data 

BN =3.99 
NG = 3.99 
BN/NG = 1 
AM = 1.45 
MG = 1.45 
AM/MG = 1 
CO = 2.67 
OG = 2.67 
CO/OG = 1 
BK = 5.35 
KC = 5.35 
BK/KC = 1 
CJ = 3.84 
AJ = 3.84 
CU/AJ = 1 
AL = 4.85 
BL = 4.85 
ALU/BL = 1 


Comments 


T 73 
Altitudes and Circumscribed Circles 
Teacher Notes 


ame Conjectures 


Data 

HC = 5.39 
GF =2.7 
HC/GF = 2 
IG = 1.44 
GH = 1.44 
IG/GH= 1 
<IGH = 180 


"HC 
GF 
Radius of circumscribed circle about AABC _ 
Radius of circumscribed circle about ADEF ~ 


=2,0r 


2 


¢ IG = HG where | is the intersection of the altitudes, 
GF is the radius of the circumcircle for ADEF, and 
HC is the radius of the circumcircle for AABC 


¢ |, H, and G are collinear 
¢ For equilateral triangles, |, H, and G coincide 


¢ For isosceles triangles, |, H, andG lieona 
symmetry line 
Notes 


Problems 71, 72, and 73 can be used as a resource 
for drawing a nine point circle. 


The following is the method for drawing the nine point 
circle. Circumscribe circle D about acute AABC. 
Draw altitudes from vertices A and C and label the 
intersection point G. Label the midpoint of DG with 
point H. His called the center of the nine point circle 
which passes through the midpoints of the sides of 
AABC, the foot of each altitude, and the midpoints 
between each vertex of AABC and point G (the 
intersection of the altitudes). 


T 74 
Medians and Circumscribed Circles 


Task: To investigate the relationship between the centers of the 
circumscribed circle of a angie and the carcie which intersects the 
teet of the medians of a triangle. 


Procedure: 
* Construct AABC. C 
¢ Oraw the circumscribed arc about pis . 
* Oraw te ttree medians: AE, Sp and 
° Label thew intersection pomt H. 
+ Draw the circumscribed circie | about AEFG. 
° Investigate relationships between the three 
points D, H, and |. 
* Repeat this procedure on other types of tnangles. 
¢ State your conjectures. 


amu Conjectures 


Comments 


T 74 


Medians and Circumscribed Circles 


Conjectures 


Teacher Notes 


